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Abstract. – We investigate the behaviour of a particle moving on the orbifold limit of the
EH metric as the two centers approach each other. In the classical region of the configuration
space we specify the physically acceptable solutions and observe a tendency of the radial wave
function to concentrate around the conical singularity for small values of its argument. In the
quantum case, using Schro¨dinger’s equation, we determine the energy spectra and the radial
eigenfunctions for a class of potentials.
Introduction. –
Hyper-Ka¨hler manifolds (1) in four dimensions have been studied extensively in connection
with the theory of gravitational instantons [1, 2], their algebraic generalizations through
Penrose’s nonlinear graviton theory [3] and the heavenly equations [4] over the past twenty
years.
Motivated by their presence in supersymmetric field theories we extract the EH metric
(which is a member of the complete (2) regular SO(3)-invariant hyper-Ka¨hler family in four
dimensions) from the Ka¨hler potential of the most general N = 2 nonlinear σ-models action
[5]. Using well known transformations we bring EH metric in a more familiar form appropriate
for performing our calculations. When the two centers of the EH metric coincide the manifold
exhibits a singular behaviour at r = 0 and is recognized to be the orbifold M = C2/Z2. The
generalization of this statement to all members of the Ak-series translates into the appearance
(∗) e-mail:hatzinik@insti.physics.sunysb.edu
(1) A Riemannian manifold (M, g) is hyper-Ka¨hler if it is equipped with three automorphisms
Ji; i = 1, 2, 3 of the tangent bundle which satisfy the quaternion algebra : J
iJj = −δij + ǫijkJk,
[J i, Jj ] = 2ǫijkJk and are covariant constant with respect to the Levi-Civita connection: ∇J i = 0 for
i = 1, 2, 3.
(2) A complete hyper-Ka¨hler manifold is a self-dual, positive definite solution of Einstein’s equations
in vacuum (a self-dual gravitational instanton).
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of the manifold M = C2/Zk+1. Taking advantage of the Ka¨hler structure of the manifold we
specify an invariant quantity, quadratic w.r.t. the Weyl tensor, for which after integration over
SO(3) produces the correct Hirzebruch signature. The Euler characteristic and the Hirzebruch
signature are also evaluated for our case study.
Starting from the classical wave equation describing the motion of a massive particle we show
that there exist radial polynomial solutions (generalized Bessel’s functions) which strongly
depend on the dimension of our manifold. Increasing values of l for ρ ≪ 1 force the radial
function to accumulate around the point of highest symmetry (the fixed point r = 0). The
angular part is expressed in terms of the Jacobi polynomials which are closely related to the
associated Legendre functions of the first kind upon angle coordinate reduction of the original
four dimensional manifold down to the three dimensional space. The solutions are suitably
normalized in such a way that one can recover known orthonormality results in the reduced
space.
The quantum behaviour on the manifold is exploited by a detailed study of some finite
dimensional quantum models. This is achieved with the help of Schro¨dinger’s equation and
switching on different potentials. For simplicity we consider two types of potentials (the
harmonic and the Coulomb potential) which lead to discretized energy spectra. The energy
levels of the harmonic potential in one dimension and in the absence of angular momenta are
identical to the expected ones. In the Coulomb case the radial eigenfunctions turn out to be
Laguerre’s polynomials which reduce to the predicted ones in three dimensions.
Rederivation of the Eguchi-Hanson metric. –
The N=2 action we consider is [5]:
I =
∫
d8z
(
n∑
i=1
| Φi+ |2 eV +
n∑
i=1
| Φi− |2 e−V − cV
)
+
∫
d6z
[
(
n∑
i=1
Φi−Φ
i
+ − b)S + h.c
]
.
(1)
where dnz = d4x d
n−4
2 θ d
n−4
2 θ¯, V is a real (N = 1 four-dimensional) superfield, Φi±’s are 2n
independent complex chiral (right-, left-handed) superfields satisfying DαΦ+ = D¯α˙Φ− = 0,
with Dα, D¯α˙ the usual two component spinor covariant derivatives. Φi±’s can be chosen to
be in a representation of SU(n) such that (1) is SU(n) invariant. S is a Lagrange multiplier
chiral superfield satisfying D¯α˙S = DαS¯ = 0, the bar and the symbol h.c. denote complex
and Hermitian conjugation. The constants c and b are real and complex respectively and
parametrize the particular linear combination of the coordinate systems we are using to
describe the manifold. The term c
∫
d8zV (x, θ, θ¯) represents the Fayet-Iliopoulos term which
is gauge invariant and supersymmetric. The equation of motion for the auxiliary fields V and
S is:
n∑
i=1
| Φi+ |2 eV −
n∑
i=1
| Φi− |2 e−V = c (2)
n∑
i=1
Φi−Φ
i
+ = b. (3)
We restrict our attention to the case where b = 0 and there are only two chiral complex
superfields (n = 2). Choosing the gauge:
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Φ+(x, θ¯) = (Φ
1
+,Φ
2
+) = (Z1, Z2),Φ−(x, θ) = (Φ1−,Φ2−) = (−Z2, Z1) (4)
we solve the equation of motion for V (sinhV = c2r ). The result is :
V = ln
[
c
2r
+
√
1 +
c2
4r2
]
(5)
where r =| Z1 |2 + | Z2 |2= ZiZi¯ and we keep only the positive root of the quadratic equation
for V. The Ka¨hler potential is found to be:
K(Zi, Zi¯) = 2r coshV − cV
= 2r
√
1 +
c2
4r2
− c ln
(
c
2r
+
√
1 +
c2
4r2
)
(6)
and the action now takes the form:
I =
∫
d4xd2θd2θ¯K(Zi, Zi¯). (7)
The Ka¨hler metric is given as usual by:
gij¯ =
∂2K(Z, Z¯)
∂Zi∂Z¯j
= 2δij
√
1 +
c2
4r2
− Zi¯Zj
c2
2r3
√
1 + c
2
4r2
(8)
with inverse:
gij¯ = (gij¯)
−1 =
1
2
δij
√
1 +
c2
4r2
− c
2
8r3
ǫikǫj¯m¯ZkZm¯√
1 + c
2
4r2
. (9)
We recognize this metric to be the Calabi metric which in four real dimensions is the Eguchi-
Hanson metric, i.e., the simplest Asymptotically Locally Euclidean (ALE) gravitational in-
stanton (3). To prove this we change to Cartesian coordinates (4) using the transformations
(the Jacobian of the transformation is (r sin θ)/16):
(3) ALE spaces describe a Riemannian 4-manifold geodesically comlete and such that:
1. the curvature 2-form is anti(self)- dual
2. the Riemannian metric is required to approximate a Euclidean metric up to O(r−4), gij =
δij + aij = δij + O(r−4) with appropriate decay in the derivatives of gij . In other words,
∂paij = O(r−4−p), p ≥ 0 where r2 =
∑
x2i and ∂ denotes differentation w.r.t. the coordinates
xi.
This would agree with the intuitive picture of instantons as being localized in finite regions of
space-time. The above picture is only verified modulo an additional subtlety: the basic manifold at
infinity resembles a quotient R4/Γ, Γ being a finite group of identifications.
(4) From now on we treat the components (Zi) of the chiral superfields (Φ
i
±) as ordinary coordinates
on the four-dimensional space.
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Z1 =
√
r cos(
θ
2
)e
i
2 (ψ+φ), Z2 =
√
r sin(
θ
2
)e
i
2 (ψ−φ) (10)
and setting α2 = c
2
4 one finds for the line element:
ds2EH = gij¯dZ
idZ j¯ =
1
4
dr2
r
√
1 + (αr )
2
+
r√
1 + (αr )
2
σ2z + r
√
1 + (
α
r
)2(σ2x + σ
2
y) (11)
where σx, σy and σz are the left-invariant one-forms of the SU(2) group (see Appendix A for
their definition). The variables r, θ, ψ, φ are constrained by α ≤ r ≤ ∞, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π,
0 ≤ ψ ≤ 2π. The restricted range of ψ reflects the Z2 identification of antipodal points. Using
the coordinate transformation r2 = ρ4 and that α2 = a4 we end up with the familiar form of
the Eguchi-Hanson metric [6]:
ds˜2EH =
1√
1 + (aρ )
4
(dρ2 + ρ2σ2z) + ρ
2
√
1 + (
a
ρ
)4(σ2x + σ
2
y). (12)
The determinant of the metric in this case is given by g = 164ρ
6
[
1 + (aρ )
4
]−1 [
1 + (aρ )
4 sin2 θ
]
.
We can also write the line element in the equivalent form:
ds2 = V −1(dφ +Aidx
i)2 + V γijdx
idxj , (13)
where V,Ai, γij being all independent of φ, and V satisfies:
V (~x) = ǫ + 2m
k+1∑
i=1
1
|~x− ~xi| (14)
~∇V = −~∇× ~A (15)
~∇ · ~∇V = 2m
k+1∑
i=1
δ(3)(~x− ~xi). (16)
The choice ǫ = 0, m = 12 corresponds to an admissible metric on the k
th representative of the
A-series space. For the EH instanton (k = 1) after some straightforward calculations we find
that: (5)
V −1 =
1
4
(c1 sin
2 θ cos2 ψ + c2 sin
2 θ sin2 ψ + c3 cos
2 θ) (17)
~A =
1
4
V (0, (c2 − c1) sinψ cosψ sin θ, c3 cos θ) (18)
γrr =
c0
V
, γψψ =
1
16
(c3 sin
2 θ(c1cos
2(ψ) + c2 sin
2 ψ)),
γθθ =
1
16
[c1c2 sin
2 θ + c3 cos
2 θ(c1 sin
2 ψ + c2 cos
2 ψ)],
(5) In [7] the coefficient 1
4
of equation (32) should be replaced by V
4
.
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γθψ = − 1
16
[c3(c2 − c1) sinψ cosψ sin θ cos θ] (19)
where c0 = 1/
√
r2 + α2, c1 = c2 =
√
r2 + α2, and c3 = r
2/
√
r2 + α2. The explicit expressions
for V , ~A and the components of the γ metric are:
V =
4
√
r2 + α2
r2 + α2 sin2 θ
(20)
~A =
(
0, 0,
r2 cos θ
r2 + α2 sin2 θ
)
(21)
γrr =
r2 + α2 sin2 θ
16(r2 + α2)
, γψψ =
r2
16
sin2 θ, γθθ =
1
16
(r2 + α2 sin2 θ), γθψ = 0 (22)
The space is flat because the Ricci tensor vanishes:
Rij¯ = g
k¯lRk¯ilj¯ = R
l
ilj¯ = −
∂2
∂Zi∂Z¯j
ln(det(gij¯)) = 0. (23)
since det(gij¯) = 4. A manifold equipped with a Ricci flat metric, by Yau’s proof of the Calabi
conjecture, implies that the first Chern class must vanish: cR1 (K) = 0 (
6). As a result the
dimensions of the Dolbeaut cohomology groups H(2,0)(M) and H(0,2)(M) are equal to one.
Manifold structure and topological invariants. –
The global topology of the EH manifold is [6]:
1. close to r = c, the manifold is homotopic to S2 (MEH ≈ R2 × S2) and has the same
Euler characteristic as S2 i.e. χ = 2,
2. when r → ∞ the metric approaches a flat metric and the constant-r hypersurfaces
are distorted three-spheres with opposite points identified with respect to the origin.
The group manifold is then MEH ≈ R × RP3 where RP3 is the real projective space
RP3 = SO(3) = S
3/Z2 for which S
3 = SU(2) is the double covering.
The Gauss-Bonnet theorem states that it is possible to obtain the Euler characteristic of
a closed Riemannian manifold of even dimension dimM = 2l from the volume integral of the
2l-form Ω:
χM2l =
∫
M2l
Ω =
(−1)l
4lπll!
∫
M2l
ǫa1···a2lR
a1a2 ∧ · · · ∧Ra2l−1a2l . (24)
In four dimensions it takes the familiar form:
χM4 =
1
32π2
∫
M4
ǫabcdR
ab ∧Rcd (25)
where the curvature two-form Rab is defined by the spin connection one-forms ω
a
b as:
(6) The first Chern class is represented by the differential form h = Rij¯dZ
idZj¯ and is exact, i.e.
that h = dβ for some β.
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Rab = dω
a
b + ω
a
c ∧ ωcb . (26)
It has also been proved that Ω can be expresed as the exterior derivative of a (2l− 1)-form
in M4l−1 constructed by the unit tangent vectors of M2l:
Ω = −dD. (27)
In this way the original integral of Ω over M2l can be performed over a submanifold U2l
obtained as the image in M4l−1 of a continuous unit tangent vector field over M2l with some
isolated singular points. Applying Stoke’s theorem one thus get:
χM2l =
∫
M2l
Ω =
∫
U2l
Ω =
∫
∂U2l
D. (28)
For manifolds with a boundary, the above formula can be generalized to include boundary
corrections:
χM2l =
∫
M2l
Ω−
∫
∂M2l
D =
∫
∂U2l
D −
∫
∂M2l
D. (29)
The 3-form D in four dimensions is given by [6, 8]:
D = − 1
16π2
ǫabcd(θ
ab ∧Rcd − 2
3
θab ∧ θce ∧ θed) (30)
where θab is the second fundamental form of the Lorentz group i.e. the difference between the
spin connection of the original metric, computed on the boundary, and the spin connection
obtained from the boundary if the metric were locally a product near the boundary:
θab = ω
a
b − (ω0)ab . (31)
For the EH-manifold the boundary ∂MEH will be represented by a slice at r = r0 which in
the end we will have to send to infinity. Since the EH metric factorizes on ∂MEH one easily
calculates the components of the second fundamental form to be:
θ12 = θ23 = θ31 = 0
θ01 = −
(
1− ( α
r0
)4
) 1
2
σx
θ02 = −
(
1− ( α
r0
)4
) 1
2
σy (32)
θ03 = −
(
1 + (
α
r0
)4
)
σz
From (29), (30) and (32) it follows that:
χEH =
3
2
+
1
2
= 2. (33)
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The Hirzebruch signature τ receives contribution only from the “bulk” and is given by:
τEH =
1
24π2
∫
MEH
Tr(R ∧R) = 1
12π2
∫
MEH
RabRba = 1. (34)
An alternative calculation for τEH is presented in the Appendix B. In general for the multi-
Taub NUT metrics the Euler characteristic and the Hirzebruch signature are connected through
the relation χ = τ + 1 where τ = n− 1, n being the number of centers.
The orbifold limit of the EH-metric. –
In the limit when ~xi → 0, or equivalently ~x → ∞ the two-centered metric degenerates to
the orbifold metric on M = C2/Γ (7). Γ in general will be a Kleinian subgroup of SU(2) (for
multi-centered metrics is Zk+1) but in the Eguchi-Hanson case (two-centered or k = 1) will be
identified to be Z2. The limit ~xi → 0 is also equivalent to taking a→ 0 in the line element i.e.
ds2C2/Z2 = lima→0
ds2E.H. =
1
4r
dr2 + r(σ2x + σ
2
y + σ
2
z)
=
1
4r
dr2 +
r
4
(dφ2 + dθ2 + dψ2 + 2 cos2 θdψdφ). (35)
When we approach the origin we encounter a conical singularity which corresponds to a point
of higher symmetry (8). The self-dual components of the spin connection are easily computed
to be:
ω10 = ω
2
3 = σx =
e1
r
ω20 = ω
3
1 = σy =
e2
r
(36)
ω30 = ω
1
2 = σz =
e3
r
where the orthonormal vierbein basis is ea = (e0, e1, e2, e3) = (dr, rσx, rσy , rσz). A factor of
4r has been absorbed in the line element i.e.
ds˜2 = dr2 + r2(σ2x + σ
2
y + σ
2
z). (37)
From the definition of the curvature two-form we find that its components vanish so this metric
is flat everywhere apart from the fixed point.
(7) The ALE spaces can also be described as the complex affine variety [9] in C3 characterized
by the vanishing locus W (x, y, z) = 0, where x, y, z are the coordinates on C3. For the A-series the
corresponding discrete subgroups of SU(2) are the binary cyclic groups Cn = Z2n whose action on x, y
is generated by
(
x
y
)
→
(
ei
pi
n 0
0 e−i
pi
n
)(
x
y
)
. The smallest set which generates all polynomials
invariant under Cn is clearly X = x
2n, Y = y2n, Z = xy and these generators obey the single relation
XY = Z2n. In the vincinity of the Kleinian singularity of C2/Z2 the real varieties have a double cone
structure (the tips of the cones face each other).
(8) In this case both vector fields ∂
∂ψ
and ∂
∂φ
generate translational isometries and since flat space
is self-dual as well as anti-self-dual the rotational character of ∂
∂ψ
or ∂
∂φ
disappears.
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In terms of our original expression (eq. (8)) for the Ka¨hler metric the orbifold limit
corresponds to taking both c, r to zero. We can express V , ~A and γij of the line element
in terms of the Z1, Z2 coordinates as follows (see Appendix B):
Vorb =
4
|Z1|2 + |Z2|2 , Aorb = ±
|Z1|2 − |Z2|2
|Z1|2 + |Z2|2
γrr =
1
16
, γψψ =
1
4
|Z1|2|Z2|2, γθθ = 1
16
(|Z1|2 + |Z2|2)2, γθψ = 0. (38)
The “bulk” contributions to the Euler characteristic and the Hirzebruch signature vanish
since Rab = 0 so we end up with:
χC2/Z2 = 1
τC2/Z2 = 0. (39)
These results are also confirmed by the prementioned formula of the Euler characteristic
expressed by χ = τ + 1 = n.
Classical motion on the C2/Z2 orbifold. –
Consider the classical wave equation of a particle with mass µ on the quotient manifold
M = C2/Z2 described by:
∂µ(
√
ggµν∂νF )−√gµ2F = 0 (40)
where F = F (r, θ, φ, ψ) = R(r)Q(θ, φ, ψ) and g = det gij = r
6 sin2 θ. The radial equation
takes the form:
d2R
dr2
+
(q − 1)
r
dR
dr
− (µ2 + λ
2
r2
)R = 0 (41)
with λ2 = l(l + 1) a positive constant determining the opening angle and q = dimM is the
dimension of the manifold. Changing variable to ρ = rµ we obtain the generalized Bessel’s
equation [10]:
d2J
dρ2
+
(q − 1)
ρ
dJ
dρ
− (1 + λ
2
ρ2
)J = 0. (42)
Solving (42) in the standard way we find the solution for the (s+ − s−) /∈ Z+ case to be (see
Appendix C for the other solutions):
J(ρ) = AJs+(ρ) +BJs−(ρ)
= A
(ρ
2
)s+ ∞∑
j=0
(ρ
2
)2j 1
j!Γ(1 + j + d)
+B
(ρ
2
)s− ∞∑
j=0
(ρ
2
)2j 1
j!Γ(1 + j + d)
(43)
where s± = s±(l,q) = − (q−2)2 ± d = − (q−2)2 ±
√
λ2 + ( (q−2)2 )
2, i = 1, 2. The limiting forms of
the Bessel’s functions for small and large values of their arguments are given by the leading
terms:
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ρ≪ 1 , Js±(ρ)→
1
Γ(s± + q2 )
(ρ
2
)s±
(44)
ρ≫ 1 , Js±(ρ)→
2
q−3
2√
πρq−1
cos
(
ρ− s
±π
2
− (q − 1)π
4
)
. (45)
Notice that for ρ ≪ 1 the solutions are always square integrable around the singular point
r = 0 and there is a tendency of the wave function to concentrate around r = 0 when l
decreases.
The azimuthal equation has solutions the eigenfunctions of the operators L2, L3, L˜
2 and
L˜3 i.e.
L2|l,m, n > = l(l + 1)|l,m, n >
L3|l,m, n > = n|l,m, n >
L˜2|l,m, n > = l(l + 1)|l,m, n >
L˜3|l,m, n > = m|l,m, n > (46)
where |l,m, n >= Qlm,n(θ, φ, ψ) = Φm(φ)Ψn(ψ)W lm,n(θ) = eimφeinψW lm,n(θ) and |m| ≤ l,
|n| ≤ l. The generators Li obey the SU(2) algebra [Li, Lj] = iǫ kij Lk, [L2, L3] = 0, while their
dual partners the commutation relations [L˜i, L˜j] = −iǫ kij L˜k, [L˜2, L˜3] = 0. The first equation
of (46) can be written equivalently as:
1
sin θ
d
dθ
(sin θ
dW
dθ
) +
[
l(l + 1)− m
2 + n2
sin2 θ
+ 2
cos θ
sin2 θ
mn
]
W = 0 (47)
and substituting u = cos θ for θ as well as putting W (θ) = P (u), (47) becomes:
d
du
[
(1 − u2)dP
du
]
+
[
l(l+ 1)− m
2 + n2
1− u2 + 2
u
1− u2mn
]
P = 0. (48)
The solutions of the differential eq. (48) have the following symmetries:
1. they are invariant under the interchange of m, n:
P lm,n(u) = P
l
n,m(u) = P
l
−m,−n(u) (49)
2. we recover the familiar result of the associated Legendre functions of the first kind when
m = 0 or n = 0:
P lm,0(u) = P
l
m(u) = P
l
0,n(u) = P
l
n(u). (50)
The singular regular points of eq. (48) are u = ∓1. Near the points u = ∓1 the dominant
behaviour is (u−12 )
a/2 and (1+u2 )
b/2 respectively, where a = |m−n| and b = |m+n|. Consider
now the expansion of the form:
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P lm,n(u) = N
l
m,n
(
u− 1
2
)a/2(
1 + u
2
)b/2
U lm,n(u) (51)
with N lm,n a normalization factor to be determined later on and U
l
m,n(u) satisfying the
differential equation:
(1− u2)d
2U
du2
+ [b− a− (2 + a+ b)] dU
du
+
[
l(l + 1)− a+ b
2
(
a+ b
2
− 1)
]
U. (52)
We recognize (52) to be a hypergeometric equation with solutions the Jacobi polynomials [11],
provided that l = ρ˜+ a+b2 and ρ˜ ∈ Z. One can prove that equation:
d
du
[
(1− u)a+1(1 + u)b+1 dU
du
]
+ ρ˜(ρ˜+ a+ b+ 1)U = 0 (53)
has solutions given by the Rodrigue’s formula:
T
(a,b)
k (u) =
(−1)k
2kk!
(1− u)−a(1 + u)−b d
k
duk
[
(1− u)k+a(1 + u)k+b]
=
k∑
ν=0
(
k + a
k − ν
)(
k + b
ν
)(
u− 1
2
)ν (
1 + u
2
)k−ν
(54)
and obeying the important identity:
T
(a,b)
k (u) = (−1)kT (b,a)k (−u). (55)
In our case the solutions (9) are given explicitly by:
P lm,n(u) = e
inψY lm,n(θ, φ)
=
[
2l + 1
4π
(l −m)!(l +m)!
(l − n)!(l + n)!
] 1
2
eimφeinψT
(a,b)
l−m
(
1− u
2
) a
2
(
1 + u
2
) b
2
(56)
and form a complete set of orthonormal polynomials i.e.:
∫ 2pi
0
dφ
∫ 2pi
0
dψ
∫ +1
−1
du Ql∗m,n(u, φ, ψ)Q
l′
m′,n′(u, φ, ψ) =
8π2
2l+ 1
δl,l′δm,m′δn,n′ (57)
∑
l,m,n
Ql∗m,n(θ, φ, ψ)Q
l
m,n(θ
′, φ′, ψ′) =
8π2
2l+ 1
δ(cos θ − cos θ′)δ(φ− φ′)δ(ψ − ψ′). (58)
(9) It was shown in [12] that in complex stereographic coordinates (ζ, ζ¯), defined by ζ = eiφ cot θ
2
,
ζ¯ = e−iφ cot θ
2
the spin-s spherical harmonics take the form Y lm,s =
[
(2l+1)(l−m)!(l+m)!
4pi(l−s)!(l+s)!
] 1
2
(−1)l−m
×(1 + ζζ¯)−1
∑
ν
(
l − s
p
)(
l + s
p+ s−m
)
ζp(−ζ¯)p+s−m. In Appendix D we prove that these solu-
tions are related to the Jacobi polynomials up to a symmetry.
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Schro¨dinger’s equation on C2/Z2.. –
In the presence of the harmonic potential V (r) = 12Kr
2 Schro¨dinger’s equation becomes:
h¯2
2µ
[
d2R
dr2
+
(q − 1)
r
dR
dr
]
−
[
2(V − E) + 2µ
h¯2
l(l + 1)
r2
]
R = 0 (59)
which by changing variable to ξ =
(
2µK
h¯2
) 1
4
r and introducing the quantities a4 = 2µK
h¯2
and
λ = 2Eh¯
(
2µ
K
) 1
2 it can be rewritten in the following dimensionless form as:
d2R
dξ2
+
(q − 1)
ξ
dR
dξ
+
[
λ− ξ2 − l(l + 1)
ξ2
]
R = 0. (60)
The solution of eq. (60) is facilitated on one hand by examining the dominant behaviour of
R(ξ) in the asymptotic region ξ → +∞ and on the other hand by demanding finiteness at
ξ = 0. Then the desired solution is:
R(ξ) = e−
1
2 ξ
2
ξs
+
L(ξ) (61)
where L(ξ) satisfies the equation:
ξL′′ + (2s+ + q − 1− 2ξ2)L′ + 2νξL = 0. (62)
Energy levels are determined in the usual way and are found to be:
El,ν,q =
h¯ωc√
2
[
ν + 1 +
√
(q − 2)2
4
+ l(l+ 1)
]
(63)
with ν being an integer (ν ≥ 0) and ωc =
√
K
µ the angular frequency of the corresponding
classical harmonic oscillator. In one dimension and when l = 0 we obtain the expected result.
The solutions (61) fall into two classes depending on whether ν is even or odd integer.
1. ν = 2n:
Reven(ξ) = e
−
1
2 ξ
2
ξs
+

Γ(−n)
Γ(d)
+
2(n−1)∑
k=1
ξ2k
Γ(k − n)
Γ(k)Γ(1 + k + d)

 (64)
2. ν = 2n+ 1:
Rodd(ξ) = e
−
1
2 ξ
2
ξs
+
[
Γ(− 12 − n)
Γ(d)
+
2n−1∑
k=1
ξ2k
Γ(k − n− 12 )
Γ(k)Γ(1 + k + d)
]
, (65)
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where Γ(−z) = − piz sinpizΓ(z) .
For the Coulomb potential V (r) = −ar inserting the quantity λ = ah¯
(
µ
E′
) 1
2 (where E′ = |E|)
and the new variable ξ = 4aµ
h¯2
[
ν+ 12+
√
(q−2)2
4 +l(l+1)
]r into Schro¨dinger’s equation we get:
d2R
dξ2
+
(q − 1)
ξ
dR
dξ
+
[
λ
ξ
− 1
4
− l(l + 1)
ξ2
]
R = 0. (66)
Again the energy spectrum is specified by the asymptotic behaviour of the power series L(ξ)
and is:
El,ν,q = −a
2µ
h¯2
1[
ν + 12 +
√
(q−2)2
4 + l(l + 1)
]2 (67)
The solutions satisfying the same boundary conditions as in the case of the harmonic potential
are:
Rν,l,q(ξ) = e
−
1
2 ξξs
+
L2s
++q−2
ν (ξ) (68)
where L2s
++q−2
ν (ξ) are Laguerre’s polynomials defined by the series:
L2s
++q−2
ν (ξ) =
ν∑
k=0
Γ(ν + 2s+ + q − 1)
Γ(k + 2s+ + q − 1)
(−ξ)k
k!(ν − k)! (69)
with 2s+ + q − 2 = ν + 12 +
√
(q−2)2
4 + l(l+ 1) ∈ R. We can easily check from (69) that in
three dimensions we obtain the correct results.
Conclusions.. –
We have presented a simple way to derive the Eguchi-Hanson metric from the N = 2 action
of nonlinear σ-models. The Hirzebruch signature of the manifold has been calculated by using
the Ka¨hler structure that accompanies it. A simple way has been proposed to construct the
orbifold M = C2/Z2 from the EH metric as well as the study of its topological invariant
features have been explored. The classical and the quantum behaviour of a massive particle
on the singular manifold has been investigated on one hand by studying the classical wave
equation and on the other hand by Schro¨dinger’s equation and switching on some potentials.
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Appendix A. –
The left-invariant one forms σi on the manifold of the group SU(2)L = S
3, have the explicit
expression:
σx =
1
2
(sinψdθ − cosψ sin θdφ)
σy =
1
2
(sinψ sin θdφ− cosψdθ)
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σz =
1
2
(dψ + cos θdφ). (A.1)
and obey the relation:
dσi = ǫijkσj ∧ σk. (A.2)
In an analogous way one can define the dual one-forms σ˜i invariant under the SU(2)R super-
symmetry and in terms of Euler angles they read:
σ˜x =
1
2
(sinφdθ − cosφ sin θdψ)
σ˜y =
1
2
(sinφ sin θdψ − cosφdθ)
σ˜z =
1
2
(dφ+ cos θdψ). (A.3)
The generators of SU(2) are expressed in terms of the killing vectors ξµ(j) of the metric by the
formula Lj = −iξµ(j)∂µ. In spherical coordinates they read:
L1 = −i
(
sinψ
∂
∂θ
− cosψ
sin θ
∂
∂φ
+
cos θ cosψ
sin θ
∂
∂ψ
)
L2 = i
(
cosψ
∂
∂θ
+
sinψ
sin θ
∂
∂φ
− cos θ sinψ
sin θ
∂
∂ψ
)
L3 = −i ∂
∂ψ
(A.4)
where L3 is associated with a diagonal U(1). Similar expressions hold for the dual generators
provided we interchange the roles of φ and ψ.
Appendix B. –
Let M be a complex manifold with local coordinates (Z1, Z2, · · · , Zn). A Hermitian metric
on M is given by an expression of the form:
gab¯dZ
a ⊗ dZ¯b. (B.1)
That gab¯ is Hermitian means:
gab¯ = g¯ba¯. (B.2)
We also require:
gab¯ = gb¯a, gab = 0 = ga¯b¯. (B.3)
The affine connection and the Riemann tensor greatly simplify on a Ka¨hler manifold as one
can realise. The Ka¨hler 2-form K = gab¯dz
a ∧ dz¯b is closed (dK = 0) and this implies that:
∂cgab¯ = ∂agcb¯, ∂c¯gab¯ = ∂b¯gac¯. (B.4)
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The affine connection is given as usual by Γij,k = (∂igjk + ∂jgik − ∂kgij)/2 and taking into
account (B.1) one finds that the only nonzero components are:
Γab,c¯ = ∂bgac¯,Γa¯b¯,c = ∂b¯ga¯c. (B.5)
For the covariant Riemann curvature the definition:
Rijkl =
1
2
(
∂2gik
∂xj∂xl
− ∂
2gil
∂xj∂xk
− ∂
2gjk
∂xi∂xl
+
∂2gjl
∂xi∂xk
) + gηρ(Γ
η
ikΓ
ρ
jl − ΓηilΓρjk) (B.6)
becomes:
Rab¯cd¯ = −
1
2
(∂b¯Γac,d¯ + ∂d¯Γac,b¯)− gτ¯ρΓac,τ¯Γb¯d¯,ρ. (B.7)
The above expression provides the nonzero components which turn out to be:
Rab¯cd¯, Ra¯bc¯d, Rab¯c¯d, Ra¯bcd¯. (B.8)
The first Bianchi identity:
Rijkl +Rkijl +Rjkil = 0 (B.9)
simplifies to the statement that:
Rab¯cd¯ = Rcd¯ab¯ (B.10)
while the second Bianchi identity becomes:
Rab¯cd¯,f +Rb¯fcd¯,a +Rfacd¯,b¯ = 0. (B.11)
The nonzero components of the affine connnection for the metric (8) are:
Γ1¯1¯,1 = ∂1¯g11¯ =
(2 | Z1 |6 −6 | Z1 |2| Z2 |4 − | Z2 |2 c2 − 4 | Z2 |6)Z1c2
4r6(1 + c
2
4r2 )
3/2
(B.12)
Γ1¯2¯,1 = ∂2¯g11¯
=
(8 | Z1 |6 +12 | Z1 |4| Z2 |2 + | Z1 |2 c2 − 4 | Z2 |6 − | Z2 |2 c2)Z2c2
8r6(1 + c
2
4r2 )
3/2
(B.13)
Γ2¯2¯,2 = ∂2¯g22¯ =
(2 | Z2 |6 −6 | z1 |4| Z2 |2 − | Z1 |2 c2 − 4 | Z1 |6)Z2c2
4r6(1 + c
2
4r2 )
3/2
(B.14)
Γ2¯1¯,2 = ∂1¯g22¯
=
(8 | Z2 |6 +12 | Z1 |2| Z2 |4 + | Z2 |2 c2 − 4 | Z1 |6 − | Z1 |2 c2)Z1c2
8r6(1 + c
2
4r2 )
3/2
(B.15)
Γ1¯1¯,2 = ∂1¯g21¯ =
(6 | Z1 |4 +12 | Z1 |2| Z2 |2 +6 | Z2 |4 +c2)Z21 Z¯2c2
4r6(1 + c
2
4r2 )
3/2
(B.16)
Γ2¯2¯,1 = ∂2¯g12¯ =
(6 | Z1 |4 +12 | Z1 |2| Z2 |2 +6 | Z2 |4 +c2)Z¯1Z22c2
4r6(1 + c
2
4r2 )
3/2
. (B.17)
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The Weyl tensor in our case equals the Riemann curvature and the invariant we consider
is the quadratic expression:
W = Ri¯jk¯lRi¯jk¯l. (B.18)
The nonzero components of the Weyl tensor are (excluding components connected through
obvious symmetries):
R11¯11¯, R22¯22¯, R11¯12¯, R11¯21¯, R22¯21¯, R22¯12¯, R11¯22¯, R12¯12¯, R12¯21¯, R21¯21¯ (B.19)
and the quadratic invariant thus takes the form:
W = 4R1¯11¯1R1¯11¯1 + 4R
2¯22¯2R2¯22¯2 + 8R
1¯11¯2R1¯11¯2
+ 8R1¯12¯1R1¯12¯1 + 8R
2¯22¯1R2¯22¯1 + 8R
2¯21¯2R2¯21¯2
+ 8R1¯12¯2R1¯12¯2 + 4R
1¯21¯2R1¯21¯2 + 8R
1¯22¯1R1¯22¯1 + 4R
2¯12¯1R2¯12¯1. (B.20)
For the metric (8) the result reads:
W =
384c4
(4r2 + c2)3
(B.21)
which vanishes when c = 0. Integration over the whole SO(3) sphere gives:
1
24π2
∫
Tr(R ∧R) = 1. (B.22)
The inverse transformations read:
r =| Z1 |2 + | Z2 |2 , cos θ
2
=
| Z1 |√
| Z1 |2 + | Z2 |2 , sin
θ
2
=
| Z2 |√
| Z1 |2 + | Z2 |2 ,
ψ = −i ln
(
Z1Z2
| Z1 || Z2 |
)
, φ = i ln
(
Z2 | Z1 |
Z1 | Z2 |
)
(B.23)
bearing in mind that 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤ ψ ≤ 2π.
Appendix C. –
The other two solutions of Bessel’s equation are:
1. (s+ − s−) ∈ Z+:
J(ρ) = AJs+(ρ) +B[Js−(ρ) + CJs+(ρ) ln | ρ |] (C.1)
2. s+ − s− = 0:
J(ρ) = AJs+(ρ) +B[ρ
s++1
∞∑
j=0
α∗2ρ
2j + Js+(ρ) ln | ρ |]. (C.2)
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The roots of the Bessel’s function are given by the asymptotic formula of Js±(ρ):
ρ±λ,q,n = n
π
2
+
π
2
[
1
2
±
√
λ2 + (
q − 2
2
)2
]
. (C.3)
The normalization of Bessel’s function is:
∫ α
0
ρJs+(xs+ , q, n
ρ
α
)Js+(xs+ , q, n
′
ρ
α
)dρ =
α2
2
J2s++1(xs+ , q, nδn,n′). (C.4)
Appendix D. –
The generating function of the Jacobi polynomials is:
∞∑
k=0
T
(a,b)
k (u)w
k = 2a+b(1− 2uw + w2)− 12 [1− w + (1− 2uw + w2) 12 ]−a
× [1 + w + (1− 2uw + w2) 12 ]−b (D.1)
where the expressions [· · ·]−a and [· · ·]−b must be taken positive for w = 0.
The recurrence relations are:
uT
(a,b)
k (u) =
2(k + a)(k + b)
(2k + a+ b)(2k + a+ b+ 1)
T
(a,b)
k−1 (u)
− (a
2 − b2)
(2k + a+ b)(2k + a+ b+ 2)
T
(a,b)
k (u)
+
2(k + 1)(k + a+ b+ 1)
(2k + a+ b+ 1)(2k + a+ b+ 2)
T
(a,b)
k+1 (u) (D.2)
and:
(1− u2)dT
(a,b)
k (u)
du
=
2(k + a)(k + b)(k + a+ b+ 1)
(2k + a+ b)(2k + a+ b+ 1)
T
(a,b)
k−1 (u)
+
2k(a− b)(k + a+ b+ 1
(2k + a+ b)(2k + a+ b+ 2)
T
(a,b)
k (u)
− 2k(k + 1)(k + a+ b+ 1)
(2k + a+ b+ 1)(2k + a+ b+ 2)
T
(a,b)
k+1 (u) (D.3)
where k = 2, 3, · · ·, T (a,b)0 (u) = 1 and T (a,b)1 (u) = 12 (a+ b+ 2)u+ 12 (a− b).
The equivalence between the spin-s spherical harmonics and Jacobi polynomials goes as
follows:
P lm,n(u) = N
l
m,n
(
1− u
2
) a
2
(
1 + u
2
) b
2
T
(a,b)
l−m (u)
= N lm,n
(
1− u
2
) a
2
(
1 + u
2
) b
2
(−1)kT (b,a)l−m (−u)
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= N lm,n
(−1)l−m
2l
(1− u) a2 (1 + u) b2
l−m∑
ν=0
(
l + n
l −m− ν
)(
l− n
ν
)
(−1)ν
×
(
1 + u
1− u
)
(1− u)l−m
= N lm,n
(
1− u
2
)l
×
l−m∑
ν=0
(
l + n
ν +m+ n
)(
l − n
ν
)
(−1)l−m+ν
(
1 + u
1− u
)ν−(m+n2 )
. (D.4)
where for simplicity we assumed that |m−n|, |m+n| ≥ 0. Setting in (D.4) m = −m we obtain
the expression:
P l−m,n(u) = N
l
−m,n
(
1− u
2
)l
×
l+m∑
ν=0
(
l + n
ν −m+ n
)(
l + n
ν
)
(−1)l+m+ν
(
1 + u
1− u
)ν−(m−n2 )
= N l−m,n(sin
θ
2
)2l
×
l+m∑
ν=0
(
l + n
ν −m+ n
)(
l − n
ν
)
(−1)l−m−ν(cot θ
2
)2ν−m+n (D.5)
which is the one found in [12]. The normalization factor N lm,n can be constructed by exploring
initially the case when a = b = |m|. Then one finds, making use of the orthogonality of the
associated Legendre functions
∫ 1
−1[P
l
m(u)]
2du = 22l+1
(l+m)!
(l−m)! , that:
(l!)2
[(l +m)!]2
∫ 2pi
0
dφ
∫ 1
−1
duP lm(u)P
l
m(u) =
4π
2l+ 1
(l!)2
(l +m)!(l −m)! . (D.6)
Thus N lm,n=0 =
[
2l+1
4pi
(l−m)!(l+m)!
(l!)2
] 1
2
.
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